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Abstract: - In this paper, a variable mesh finite difference scheme using non polynomial spline is derived for
the solution of singular perturbation problem with twin boundary layers. The equation of discretization for the
problem is obtained by using the condition of continuity for the first order derivatives of the variable mesh non
polynomial spline at the interior nodes. The discrete invariant imbedding algorithm is used to solve the
tridiagonal system of the method. Convergence of the method is discussed and maximum absolute errors for
the standard examples in comparison to the existing methods in the literature are presented to show the

efficiency of the method.

Key-Words: - Singular perturbation problem, Non polynomial spline, Tridiagonal system, Truncation error

1 Introduction
We consider a second order singularly perturbed
boundary value problem of the form:
€y"(x) = p(x)y(x) +aq(x)
with boundary conditions
y0) =7, yO =7,
wherey, ,y, are given constants, & is a small

positive parameter such that 0 < & <<1 and p(x), f(x)
are small bounded real functions. It is known that
the above problem exhibits boundary layers at both
ends of the interval depends upon the properties of
p(x). These problems arise in many areas of
engineering and applied mathematics. Examples of
these are heat transport problem with Peclet
numbers and Navier Stokes flows with large
Reynold number. Because of the presence of
boundary layers, difficulties are experienced in
solving these types of problems using numerical
methods with uniform mesh. In order to get a good
approximation, a fine mesh is required in the
boundary layer region. A wide variety of splines are
described in [1 2]. The application of spline for the
numerical solution of singularly perturbed boundary
value problems has been described in many papers
[3,4,5,6,7,8,9,10,11,12].

In this present paper, we have derived a variable
mesh finite difference scheme using non polynomial
spline for the solution of above problem. The main
idea is to use the condition of continuity of the first
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order derivatives of the variable mesh non
polynomial spline at the interior nodes as a
discretization equation for the problem.

The paper is organized as follows: In section
2, the non polynomial spline for variable mesh
is defined. In section 3, description of the
numerical scheme is given. In section 4,
convergence analysis of the proposed method is
projected. Numerical illustrations are presented
in section 5. Finally, conclusion is given in the
last section.

2 Non Polynomial Spline for variable
mesh

Let O0=x,<X<..<X,,;<X,=1 be a sub
division of an interval [0,1] with variable step size
h=x—-%_, fori=1ton and h_, =ch;. Lety(x)
be the exact solution and vy, be an approximation to
y(x;) obtained by the non polynomial cubic spline
S,(x) passing through the points (x,y;) and
(X,1, Yir) - We not only require that S;(x) satisfies
interpolatory conditions at x; andx;,,, but also the

continuity of first derivative at the common nodes
(x:,y;) are fulfilled.

We write S;(x) in the form
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Si(X)=a +b,(x—x)+¢sint(x-Xx)
+d,cosz(x-x), i=01..,n-1.

D)

where a;,b;,c;

parameter.

and d; are constants and 7 is a free

A non-polynomial function S(x) of class
C?[a, b] interpolates y(x) at the grid points x; for
i =0,1,...,N depends on a parameter r and reduces
to ordinary cubic spline S(x) in [a, b] as 7 — 0.

To derive an expression for the coefficients of Eq.
(1) intermofy,,y..,, M; and M,,,, we first define
Si(xi) = yi'Si (Xi+1) = Yia
S (X)=M;,S (x,) =M.
From algebraic manipulation, we get the following
expression for the unknowns:

M; b =i~ Yi M, —M;

a=y +—-, b ,
I 2 h 0 @)
_ M;cos0-M, 4 q __&
! r2sind n r?

where =7 h,,, fori=0,1,2,...,n-1.

i+1°?

Using the continuity of the first derivative at
(x,y;), ie. S ,(x)=S/(x), we obtain the
following relation for i =1,2,....... n-1.

~A+0o)Yi+o Y+ Yig
=h [%MH + 4 M, +0‘2Mi+1]

i+1

(3)
where

cos 9
- o 1 (aj cosd

o

=—t——, f=—mt—5-— -

0 Gsin[ej o0 asintej gsing
o o

a

-1 1
=—+—
0° 6sing

a, and 0=z, h,,=7 o h

The local truncation error T;(h;) associated with our
scheme (3) is
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T.(h)= [—%(1+ o)+ol(ay+p+a, )} y@h?

+ —%(—1+ o’ ) -0%(ay — o, )} yi(e’)h-3

+ _—%(1+ o ) + %z(al +o’a, )} y“ns

+_—i(—1+ 0'4)—%2(051 _030‘2)} yi(S)hiS +0(h6)

for the choice of

1+ -2 cl+o-1
O = =
120 120
. ol +40% +40+1
120°

The above scheme (3) indicates third order
convergent and the truncation error will be

T.(h) :%[0(02 -1)(c+2)(2 a+1)] y®h +0(h)

3 Numerical Method

We consider a second order singularly perturbed
boundary value problem:

gy"(x) = p(x)y(x) +q(x) (4)

yO) =70, YD =n

where 0< ¢ <<1, p(x), q(x) are bounded continuous
functions in (0, 1) and y,, y, are finite constants.

Substituting M ; =y/ in Eq. (4), we have
eM; = p(x;)y(x;)+q(x;) for j=i-1,i,i+1

Substituting the above equations in Eq. (3), we get
the following tridiagonal finite difference
scheme:

(—5O'+051 hes pi—l) Yia +(3(1+‘7)+ﬁ h's pi) Yi
+(—g+a2 h?, pm) Yia = 'hi2+1(051 Gia+ 8 G+, Gy)

where h,=oc h

(5)
We solve the tridiagonal system (5) by using the
discrete invariant imbedding algorithm.
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Remark: For & =1(regular problem)
o =1 (uniform mesh) we get
pi] Yi

UL | 1on?
12 p y| 1 12

h? h?
'{_1"'5 pi+lj Yin = E(QH +10 ¢; + Qi+1)

This is well known fourth order Numerov method
for the regular problem

y'(x) = p(x)y(x)+0q(x)

4 Convergence analysis

Writing the tridiagonal system of Eq. (5) in matrix-
vector form, we get

AY =C (6)

in which A=(
matrix of order N-1 , with

mij), 1<i, j<N-lis a tridiagonal

My =—6+a, Wy py, 1=12,.,N-2
—e(l+o)+ AN, p . i=12,.,N-1
mI i1 =—80'+0(1 hl+l pl—l y |:2,3,..., N '1

and C=(d;);1<i<N-1 is a column vector with
d; =—hii(a Gy + B 6+, 6.y )and

t
Y = (Y0 Y20 Yna) -

We also have AY-T(h)=C (7

t
whereY = (yl Yorern yN_lj is the actual solution and

T(h)=(T,(h),To(h,), - Tya(hyy)) is  the local
truncation error with Ti (h,) given by
Ti(h) = 3605(0 ~1)(o; +2)(20; +1) h?y® (x)+0(h’)
(8)
From Eq. (6) and Eqg. (7), we get
A (V—Y]:T(h) 9
Thus the error equation is
AE =T(h) (10)
where E=Y-Y =(e,&,,...6y,) -
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Clearly, we have

N-1
Slzzmlj:go_+h22(ﬂ P+, pz)

j=1
N-

S zmlj |+l al p|1+ﬁ Pi +a; pH—l)
=t

-h?B

where B, = o?

B, i=23..N-2
(al PiitB P +a, pi+l)

N-1

1 :ZmN—lj =&+hg (o Pz + B Pua)
-1

Since o >0, it can be seen that
a,,a, are positive if 1+0-6°>0, ¢°+0-1>0

which implies a<%+§;1.618
and o->£—£;0.618

2 2
Thus, we obtain 0.618< 0 <1.618.

We can choose h sufficiently small so that the
matrix A is irreducible and monotone. It follows that

A exists and its elements are non negative.
Hence from Eq. (10) we get,

E=A'T(h)

Also from the theory of matrices we have
N-1

> om; s =1,

i=1

(11)

k=12,..N-1 (12)
where m,; is (ki) element of the matrix A™.

Therefore,

N-1 1 1
my; < <
. mln S hiz Bio hiz ‘ Bio ‘

I<i <N—1

(13)

i=1

for some i, between 1 and N-1.

From Eg. (8), Eq. (11) and Eq. (12), we get
N-1
;=Y M, T(h), j=12..N-1

i=1

(14)

3

which implies e-<F|;—h, j=12..,.N-1

PiS

Iy

where P is a constant independent of h.

||Ei||:o(hi3)

Therefore,
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i.e., the method reduces to a third order convergent
for non uniform mesh. In addition, if o=1

(uniform mesh) givesT, (h,) =0(h®).

Therefore, from Eq. (14) we have
|E|= O(h“) where h = max h,

i.e., our method reduces to a fourth order convergent
for uniform mesh.

5 Numerical illustration

In order to test the viability of the proposed
method, we applied it to two singular perturbation

problems having a thin boundary layer of O(\/E)

with two boundary layers. These examples have
been chosen as they are widely discussed in
literature and exact solutions are also available for
comparison. We present maximum absolute errors
with comparison and graphical solution to show the
efficiency of the method.

Example 1. Consider the non-homogeneous singular
perturbation problem

£y"(X) - y(x) = cos® zx + 2er? cos2zx; xe[0,1]
with y(0) =0 and y(1) = 0.
The exact solution is given by

(e(uxw?) N e(x/ﬁ))

(1+ e‘l’ﬁ)

The maximum absolute errors are presented in
Table 1 for N = 16, 32, 64, 128, 256 with

e=2"42"2"%2".
Example 2. Consider the non-homogeneous singular
perturbation problem

—c0s? X

y(x)=

—ey"+(1+x)y = —4O(x(x2 —1) - 25)
with y(0) =0 and y(1) = 0.
The exact solution is given by y(x) = 40x(1-x)

The maximum absolute errors with comparison are
presented in Table 2 for different values of N = 16,

32 with £=0.1x107,...,0.1x107°.

6 Conclusion

We have proposed a variable mesh non polynomial
spline method for the solution of singular
perturbation problems exhibiting twin layers. We
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have implemented the present method on standard
test problems because they have been widely
discussed in literature and exact solutions are also
available for comparison. We have presented
maximum absolute errors and compared the results
with the existing methods to support the method.
We have also presented graphical solution to the
problems. The convergence analysis of the proposed
method has been discussed. It is observed from the
results that the present method approximate the
exact solution very well for smaller value of ¢ also.
Table 1. Maximum absolute errors with
comparison for Example 1

gIN 24 25 2° 27 28

Present method

274 4.07(-5) 2.53(-6) 1.58(-7) 9.87(-9) 6.17(-10)
275 2.00(-5) 1.24(-6) 7.74(-8) 4.83(-9) 3.02(-10)
27% 5.45(-5) 3.42(-6) 2.14(-7) 1.34(-8) 8.39(-10)
277 1.83(-4) 1.22(-5) 7.68(-7) 4.81(-8) 3.01(-9)

Surla and Stojanovic’s method [11]

2% 8.06(-3) 2.02(-3) 5.08(-4) 1.27(-4)
27° 7.11(-3) 1.79(-3) 4.48(-4) 1.12(-4)
27% 6.58(-3) 1.66(-3) 4.15(-4) 1.04(-4)
277 6.36(-3) 1.61(-3) 4.03(-4) 1.01(-4)

3.17(-5)
2.80(-5)
2.60(-5)
2.52(-5)

Surla and Herceg and cvekovic’s method [10]

274 4.14(-3) 1.02(-3) 2.54(-4) 6.35(-5) 1.58(-5)
27° 3.68(-3) 9.03(-4) 5.61(-5) 1.40(-5) 3.50(-6)
27% 3.45(-3) 8.40(-4) 2.08(-4) 5.20(-5) 1.30(-5)
27" 3.43(-3) 8.21(-4) 2.03(-4) 5.06(-5) 1.26(-5)

Surla and Vukoslavcevic’s method [12]

2711.20(-4) 7.47(-6) 4.67(-7) 2.90(-8) 4.39(-9)
27°1.28(-4) 8.00(-6) 5.00(-7) 3.14(-8) 1.99(-9)
27°1.60(-4) 1.00(-5) 6.26(-7) 3.92(-8) 2.31(-9)
2772.34(-4) 1.47(-5) 9.23(-7) 5.77(-8) 3.72(-9)

Kadalbajoo and Bawa’s method [4]

274 7.09(-3) 1.77(-3) 4.45(-4) 1.11(-4) 2.78(-5)
27° 5.68(-3) 1.42(-3) 3.55(-4) 8.89(-5) 2.22(-5)
2% 4.07(-3) 1.01(-3) 2.54(-4) 6.35(-5) 1.58(-5)
277 6.97(-3) 1.75(-3) 4.33(-4) 1.08(-4) 2.71(-5)
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Table 2. Maximum absolute errors for Example 2

Method Method Method Present
in [10] in[11] in[12] method
£ N=16
0.1(-3) 25(-2) 2.6(-2) 6.5(-5) 3.55(-15)
0.1(-4) 2.1(-2) 2.4(-2) 3.6(-5) 1.77(-15)
0.1(-5) 7.0(-3) 1.7(-2) 3.3(-5) 1.77(-15)
0.1(-6) 7.5(-4) 6.9(-3) 2.6(-5) 3.55(-15)
0.1(-7) 7.4(-5) 2.3(-3) 2.0(-5) 3.55(-15)
0.1(-8) 6.7(-5)  7.6(-4) 2.0(-5) 1.77(-15)
0.1(-9) 0.0 2.4(-4) 1.1(-5) 3.55(-15)
N =32

0.1(-3) 6.4(-3) 6.5(-3) 5.9(-5) 4.66(-15)
0.1(-4) 6.1(-3) 6.4(-3) 2.1(-5) 3.55(-15)
0.1(-5) 4.1(-3) 5.6(-3) 3.5(-5) 3.55(-15)
0.1(-6) 7.7(-4) 3.1(-3) 3.9(-5) 3.55(-15)
0.1(-7) 7.6(-5) 1.2(-3) 2.1(-5) 3.55(-15)
0.1(-8) 6.7(-6) 3.8(-4) 2.1(-5) 3.55(-15)
0.1(-9) 0.0 1.3(-4) 1.4(-5) 3.55(-15)

0.1

-0.1

0.2

-0.3F

0.4f

0.5F

0.6

exact
* _ Approx.

L L
0.1 0.2

L L L
0.3 0.4 0.5

L L
0.6 0.7

Fig 1. Numerical solution and exact solution of
Example 1 withN= 2%, g=2".
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12

Exact
*  Approx.

10

N
T

Fig 2. Numerical solution and exact solution of

Example 3 with N = 2°, £=0.1x10"®
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