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Abstract: - In this paper we develop mathematical models for 3-D, 2-D and one-dimensional hyperbolic heat
equations (wave equation or telegraph equation) with inner source power and construct their analytical
solutions for the determination of the initial heat flux for cylindrical sample. In some cases we give expression
of wave energy. Some solutions of time inverse problems are obtained in the form of first kind Fredholm
integral equation, but others has been obtained in closed analytical form as series. We viewed both direct and

inverse problems at the time.
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1 Introduction

Contrary to traditional method the intensive
quenching process uses environmentally friendly
highly agitated water or low concentration of
water/mineral salt solutions [1]-[6],
[33].Traditionally for the mathematical description
of the intensive quenching process, classical heat
conduction equation is used. We have proposed to
use hyperbolic heat equation [10]-[24], [40]-[42] for
more realistic description of the intensive quenching
(IQ) process (especially for the initial stage of the
process). Models of systematic hyperbolic heat
equation, their mathematical research and solutions
are discussed in monograph [28].

The idea of the usage of hyperbolic heat equation
can be easily transferred to completely different
sector of application - to the generation of electricity
in seaor ocean by usage of wave energy [7]-[9],
[29] and [30]. It is important to note, that Ekergard
and his co-authors [29] examine the development of
the system in time, describing the equipment with
ordinary differential equation. Here we describe the
equipment in development of both - in time as well
as in spatial arrangement of equipment using the
multi-dimensional hyperbolic heat equation. Wave
power plant has to work for long time period in
moving environment — waves, see [30]. Therefore it
is important to examine not only the development of
equipment in time, but also the movement of its
different components [20]-[24]. Wave energy
generator models can be viewed both Cartesian
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coordinate and cylindrical co-ordinates. In papers
[11]-[14], [20]-[27] we investigate the rectangular
models. Generators of cylindrical form with fin we
investigate in papers [10], [17] and [18]. For three,
two and one dimensional cylinder we dedicate this
paper.

In our previous papers we have constructed various
one and two dimensional analytical exact and
approximate [10]-[16], [19]-[24] solutions for 1Q
processes. H ere are both - approximate (on the
basis of conservative averaging method, see [10],
[19], [24], [25], [31], [32] and exact (on the basis of
Green function method, see [11]-[16], [21]-[23]).
We consider three-dimensional, two-dimensional

and one-dimensional  statements for non-
homogeneous equation with non-homogeneous
boundary conditions. Such statements allow

constructing mathematical models for wave power
plants in connection with other equipment, for
example, with wind power. Boundary conditions
could be different types, thus they allow us to use
Green function method.

In recent years, we have been able to generalize the
Green's function method to areas, which consist of
several canonical connected sub-areas, and thus we
have obtained the exact solutions for the L-, T- and
[I-type areas [10], [11], [21], [24] - [26]. We have
constructed of two cylinders [17], [18] and two-
layer sphere [15], [19]. For the cylinder with fin the
solution was obtained for stationary case and
hyperbolic heat transfer equation.
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2 Mathematical Formulation of 3-D
Problem for IQP or Wave Power

Already in the introduction we noted that Professor
M. Leijon, see [29] examined the development of
system in time. Here we offer to consider the
description of system in time and space. For this
purpose instead of the ordinary differential equation,
we consider the following partial differential
equation:

U L1 a( 6Uj 1 o°U oU
—=a;|——|r—|+— — |-
ot ror\ or 0z

—CU+F(r,(p,z,t),re[0,R],¢)e[0,27z],
a , k

=—.,a =—.
T, cp
capacity, k- heat

conductivity coefficient, p - density, 7,- relaxation

r* 0’
(1
ze[0,],t€[0,T],C >0,a’

Here ¢ is specific heat

time. The source term F(r,p,z,t)can be from

different parts of the same device or outer source, for
example, wind source.

In the case of wave energy we can assume different
non-homogeneous boundary conditions. Important is
to formulate boundary conditions (3), (4) and (5) in
the heat energy transfer form [15], [17], [27]:

V%_(F],:o =0, @)
Raa—[:+klUjr:R =Rg, (.z2.1).k, =R7hS. (3)
aa—lzj—szjz0=g2(r,¢,f)»ki=%i=2’3’ @
aa—lZ]+k3sz_l =g,(r,9,2). (5)

Here /4, is heat exchange coefficient. On all the other

sides of device we have heat exchange with
environment. In fact it is possible to look at other
types of boundary conditions: first (Dirichlet) and
second (Neumann) type. The initial conditions for

the function U (r,(p, Z,t) are assumed in following

form:

Ul_, =U,(r.0,2), (6)

oU

—| =U,(r,p,z). 7

ol (79, 2) @)
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From the practical point of view in the steel
quenching the condition (7) can be unrealistic. The
initial heat flux must be determined theoretically. As
additional condition we assume that either the
temperature  distribution or the heat fluxes
distribution at the end of process is given (known):

Ul_ =U,(r,p,z2), (8)
oU 1

—1 =U,(r,p,2). ©)
o |, (r0,z)

The formulation of the three dimensional

mathematical model is important for wave energy
generator [8]. It is good to see from the above point
on the fig. 1:

Fig. 1. The view from the above point of cylindrical
piezoelectric generator from patent [8].

For 3-D mathematical model is important that
solution in ¢@—direction is continuous and
smooth. These 2 conditions are important for the
reduction of 3-D model to 2-D model by
conservative averaging method [10], [31] and
[32] (see later in the section 5):

U|(p:0 =U|(p:27r ’ (10)
vl _au an
8¢ @=0 a¢ p=27r

3 Solution of 3-D Problem

Firstly we assume that we have non-homogeneous
Klein-Gordon equation-with source term: C >0.

The solution in three-dimensional problem is in
following form:

R 2z
U(r,go,z,t)=H(r,(p,z,t)+j§d§j dgx
0 0

(12)

2z

!
[U(&.1.6)G(,0.2.¢m,6.0dn + [ dgx
0 0

£4[UE7.) 2 GO,z Em.s0d,
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Here are source term and boundary conditions:

H(r go,zt a’R’? Idr_[dgx

) t
ng(Uagaf)G(”,(/’,Z,Raﬂagat_f)dn_arz_[dz-x
0 0

2z R
[dc[&g,(¢.6.7)G(r0.2.£,0,c.t—7)dE +a
0

2z

dgj- §g3 (5’ g,T)G(I’,(D, Z, é:ala g’t —T)df

dex (13)

!
zf

IfdfjF(f,?],g,T)G(I’,(D,Z,g,?],g,l‘—Z')d?].

The Green function [34] - [36] for initial-boundary

problem for Klein-Gordon equation is known; see
[37]:

Gr.p.26mE0 =3 3 Y~ x

n=0 m=1 s=1

A, (7))
(12, R+ k2R = *)[ J, (1, R)
cos [n (p- 77):| h,(z)h, ($)sin(A,,,¢)
hlf 2 '

Here J, (&)—is Bessel’s function and

R =@ (12,4 B7) 4 C
) :{l,ifn:O,
" 2,if n>0;

h,(z) =cos(f,z) +%sin (B2).

N

x (14)

, k(B+E) i z( kjj
= + +—| 1+—=|.
28 (B +K) 280 2 B

The eigenvalues x, , /3, are positive roots of the

s

transcendental equations:

ud, (uR)+kJ, (1R) =0, g(Bl)  k,+k,

/B ;3 - k2k3
We assume that at final moment ¢ =7 1s known
only one boundary condition (8). Then from solution

(12) we easy obtain Fredholm first type integral
equation with respect to function
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Ul (V,(p, Z) :
[ede [ ds[U(&n.9)G(r0.2.Em,6.T)n

=D (r,0,2).
The unknown right side function @(r,(ﬂ,z)is in

(15)

the following form:

CD(V Q,z ) T(l’ (D,Z) H(V 0,2z, T)

f deffdéthO(f,ﬂ,g)%G(r,(p,z,é,n,g,t) dn.

0 O 0 =1
Similar situation is, if second boundary

condition (9) is done. We differentiate solution
(12) regarding time:

0 0

_U s s ’t :_H s s 7t +

2 Ure.zn=—"H(rpz1)

R 2z / a
Igdé:jdgjUl(éan’g)_G(r’¢>Za§5nag>t)d77+

Idgjidﬁon(ﬁ 7, g)

We again obtaln 1* kind Fredholm integral equation
for the determination of unknown initial heat flux:

G(r 0,z,5,1,6,0)dn.

Iédéjdng(fng) G(r.p.2.6m,6.0)|  dn
= ®l(r>¢az)' (16)
Here

dbl(r,(o,z)=U}(r,(o,z)—gH(r,(o,z,t) -
Jdgje”déjU(fﬂg) _Grpnémen| dn

There is an interesting situation, if both additional
conditions (8), (9) are known. In this case we
introduce new time argument by formula

r=T-t. (17)
The formulation for new function V(r, 0,2, )With
time variable 7 is following:
oV _ L1090 ( 10’

—=a;|——|r
ot r or

8V] Voo
T2 aat o |T
or) r op- 0Oz
~CV +F(r,p,z,T—1),

1 18
:_UT(ra(D’Z)a ( )

=0

=Rg (9.2,T-1),

r=R

oV
T(”,(D,Z),_~

(Ra—V+ij
0

V|z=o =U
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V ~ R 2z ] a ~
(%—k VJ - g, (ro.T-7), Jede [ defniene) ooz Emsd) dn-
Z z=0 =T
(a_VJrij = g,(ro,T-1). IdeédcffV(fn@ ~2G(r ¢.z,¢.m,6,0) dn.
0 . 3 i=T
Similar to (12) the solution of inverse problem looks ;;eerglnll[lztirfstmg is wave energy [38] as you can
like the formulae (12):

0

©w o 3
33 I o)
n=0 m=1 s=1 an

V(x,y,2,{)= H(x v, z, t .[fdfjdgx

]
f Ur(&.1.6)G(r,0,2,&,n,6,0)dn + f dex (19 4 Solution of 3-D problem with
0 0 constant initial conditions
In the previous section we have constructed some

1

0 ~
If dg j Ur(&:1,9) i G(r,,z,¢,1,¢,1)dn. three dimensional solutions for direct and time
0 0 inverse problems for hyperbolic heat equation. Often

There it is easy to transform the expression enough initial conditions are constant functions [21],

for H (x, v, z,t ) in following form: [24]. In this case we have to solve the solutions in
T . the form of series. For simplicity we look the

H( X, ,z,f ) =a’R J' dr J' dgx homogeneous boulgldary;[onditions:

} fr 0 . U(r,(p,z,t)zUIJ‘fdéJ-dgx
J.gl(mg,r)G(r,gp,z,R,n,g,T—r)ahy—aT2 J- dr l 0 0 .

ok " [G(r.p.2.m.6.0dn+U, [ dex on
[ds[e,(6.6.7)G(x,2,6,0,6,T~)dé+alx 0 ] 0

PR ffdffaG(r,w,z,é,n,g,t)dn=

dr|d o, 7)G(x,y,2,E,b,c,T —1)d&E + 0 0

TL J; gjo'gg(ég )G(x,y,2,&,b,6,T—1)dé U6 4G,

T 2z We use the Green function form (14) in the little
I d T.[ dgx different form:

T-i 1

R G(V,(p,Z,g,ﬂ,é/,t):;X

Jdé‘jF E1.6.7)G(r,0.2.8.1.6,T — 7).

o0 0 0 2

For the heat flux in time from (17) we have the ZZ AHn (‘u"mr)‘]ﬂ ('u"mg) .
expression: n=0 m=1 s=1 (yijz +k'R* —n’ )[Jn (unmR)]

0 -~ 0 ~

EV(F,(DJ z,t)= EH(V’ @,z,0 )+ [cos(ng) cos(nn) +2sin(n(p) sin(nn)] y 22)
R 27 / 0 hs

d d 4 s/ _~G IV X ) 9f d + .
!cf cf! g! (&71,6) = G, ¢, 26,11, 6,1)dn h,(2)h, (C)sin(4,.0)

2z R ] 2
0 ~
.! dg.([ fdé:.([ I/()(i,n,g)&TZG(r,q),z,é‘,n,g,t)dn. The function G, after integration can be

From last expression at 7 =T and equality (18) we obtained in following form:

0 O ®© 2
have solution for the time inverse problem: G, = 1 A7, (ﬂnm )Cos(/l,,mst )
2 2 2p2
! o 7 e S (w2, R+ KR =) J, (4, R )

=T

0 -
Up(r,p,z) = —EH(r,go,z,t)
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[cos(nqo) sin(nl) + sin(n@)(1 - cos(my))] I ( )
h 2 s z)X

n

s

sin(278,) + ;2(1 —cos(27f3,))

£ J dé.
7 j ET, (&) dé

Similarly we can transform the function G;:

- > < Anl"ljm‘]n (/unmr)Sin(ﬂ’nmxt)
ZZ 2 p2 2p2 2 2

n=0 m=1 s=1 (/’lnmR +k1 R —n )[Jn (/’lnmR)]

[cos(ngo) sin(nl) + s}lln(znga)(l - cos(m]))] h (z) y

s

n

sin(27,) + k—z(l —cos(27,)) x
2 [&7, () de.

B, 0
In this paper we can show that time reverse
problem with two final time conditions is not ill-
posed problem and can be solved similarly as
time direct problem. It was shown in our paper
[21] that for rectangular sample time reverse
problem can be solved without some numerical
problem. It is good known that for inverse
problem is not easy to calculate the solution [39]
- [42].

5 Solution of Two Dimensional

Problem
Two dimensional problem can be obtained in two
ways. First way is standard: we use monograph [37]
for the two-dimensional solution and Green
function. The mathematical model is in the form:
o’'U L1 a( GUJ o’U

;a4 | T\ T 2
ot ror\_ or oz
re[O,R],ze[O,l],te[O,T],CZO,

}—CU—i—F(r, z,1),

ou oU
5 =0 eV =ai(z),
: or |, (8}/ Tk jr:R g (z.1)
oU
(E"%U ]0 =&(r-1). (23)
oU
(E'i‘l%U]Z:l:g}(r’t)’

oU
Ul =Us(r2).—  =Ui(r,2)

f s

Of course, the temperature distribution and the heat
fluxes distribution at the end of process is given:
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oU
U| =U,(r,z),—| =U,(r,2).

ot |-
The solution of two dimensional problem is in

following form:

=T

U(r,z,t):H(r,z,t)+]g§d§><

0

[UEmGe.z.én,0dn + (24)

R I a
! Edé j Ua(&m)— Gro2,€.m.0d1.

The known boundary conditions and source term are
in the functionH(r, Z,t) :

H(r, z,t) = —afjdrjgz (é‘,r)G(r, z,E,0,t—1)d&

a[de[g (n.7)Gr.z. Rt -0)dn+  (25)

0 0

+afjdrj;g3 (&,7)G(r,z,&, Lt —1)dE+

jdrfdg [F(&n,7)G(r,2,¢n,t—0)dn.

The Green function for two-dimensional problem is

in the form [37]:
AL aRES
2.2

LR ) 72 (1)

q)m(z)¢m (77) |: ( 212 azﬂzj j|
———C———exp|—| a A+~ |t |, (26)
ol V2 R

o, (Z) = cos(/imz)Jrl;—zsin(/imz),

m

1
GV,Z,,,t =
(r2,6m0=—0

|| ||2: k3(ﬂ“rfz+k22) i kz +i +k_22
On 222 (Ap+ky) 24 20 4 )

are positive roots of the

The eigenvalues u ,A

m

transcendental equations:

tg(Al)  k,+k
J +k RJ, =0, =—2 3

H 1(:“) 1 o(ﬂ) 2 2 ko,

Here we will obtain the solution for two-dimensional

problem as it was done in our papers [10], [32], [43]

and [44] by method of conservative averaging:
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2
Vr,z0) = [UG0.2,0de.
27

We integrate the main differential equation (1) in the

direction @ € [0, 27{] :

oV 1 8( an oV
—=a, | ——|r—|+— |+
ot R or or 0z

=27

8]

L au
27r* O

—CV+ f(r,z,0),

»=0

2r
f(r,z,t)= L I F(r,p,z,t)do.
27 5,

The equality (11) gives the two dimensional
equation:

oV L1 a( oV o
—=a; | ——|r—|+— |~
ot ror\ or oz (27)

CV+ f(r,z,t).
For this equation as initial and boundary
conditions is formula (23).

6 Solution of One Dimensional
Problem

We will start with a formulation of the mathematical
model of the steel cylinder which is relatively thin in
z directions: /<< R. In accordance with the
conservative averaging method [31], [32] we
introduce for two-dimensional formulation from the
two-dimensional function the following integral
averaged value (one space-dimensional function):

u(r,t)y=(1)" j U(r,z,t)dz,

(28)
1
fr0=01)" [ f,z,0dz
0
We integrate equation (27) in the direction z :
u L 10( ou
—=a | ——|r— ||+
or  T|lror or
LaU (29)
—== —Cu+ (0.
1o ~Cur T

The boundary conditions (23) for new function
u(r,t)are:

10U
SN =kU(r,0 Y
10z, ° (r ,t)+g2(r,t),l Oz

—k3U(V,l,Z‘)+g3 (r,t).

10U

z=[
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We look for thin cylinder, it means that we
have:

U(r,O,t) = U(r,l,t) ~ u(r,t).
Finally we transform the equation (29) in Klein-
Gordon equation form:

Ou L1 0( ou ~
—=a |——|r—||—-cu+ f(r,1),
or T[rar( arﬂ A
c=C+k,+k;, (30)
f(r,t) = f(r,t) -g, (r,t) + g, (r,t).
The main differential equation together with

boundary conditions and initial conditions from
(25) are in following form:

0 _
(a—:‘+kluj 2.0,

r=R

g()=(1)" [a(z0d,

=u,(r), (31)

ou
ul|  =u,(r),—
|t=0 0( ) ot o

uy (1) = (Z)f1 .[UO (z,t)dz,

u, (1)=(1)" le (z,0)dz.

Solution of this problem is with Green function
(see [35], [37]):

)= [1(§) 2 Gl &0 +

ul(f)G(r,f,t)d§+

ct—x

, (32)
afjgl (r)G(r,R,t —-7)dr +
0

t R
[de[7(c.7)G(r .1 -n)de.
0 0
Green function from [37] is in the form:
2 /Inr
o ,Unjo( R )
2 p2 2 2 X
n=1 (klR +lLln)J0 (lun) (33)
sin|#,/ A 2,2
Jo(ﬂné:j (ﬁ)’l:arﬂn_i_

R A " R?

m

G(r.&,0) = 2_5

C.
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The eigenvalues u, are positive roots of the
transcendental equation:
pJ, (1) =k RJ, (1) =0.

Other situation is for cylinder with small
diameter: R <</. We define from (27) new

function v(z,t) :

R
v(z,t)= % I rV(r,z,t)dr,
0

flz.0)= %I rf (r,2,0)dr.

We integrate the modified differential equation (27)
in r direction:

oV Lo oV oV
=a | —|r— |+ —CrV +rf(r,z,t).
ot? i {Gr( or ] oz’ 7 )
This gives:
v ,0v oV
—=a,—+r—
ot 0z or
The boundary condition in the » direction gives:

: -Cv+ f(z, 7).

r=0

ra—V :—klRV(R,t)+Rg1(z,t),
or|._p

NCI4 I,

87" r=0

Finally we have the one dimensional Klein-
Gordon partial differential equation:

v, 0%
—=q. —
or* ozt
d=C+kR,g(z,t)= ]?(z,t)—i-Rgl (z.1).

The boundary conditions and initial conditions
from (23) can be rewritten in following form:

ov
Dk =
(aZ 2VJ 2=0 £ (t) ’

—dv+g(z,1), (34)

(35)

ov
[§+k3vj =g,(1).

z=[

=v(2).

ov

v =v,(z2),—
|z=0 0 ot o
Here the new averaged functions are:

R R
vo(2)= %J rU,(r,z)dry,(z) = %J‘I’Ul (r,z)dr,

1 s 1 P
& (1) =5 [r2:(r.0dr, g, (1) = — [ ras (. ).
0 0

We have solution in following form:
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1
0
v(z0 = [w () G nndn+
0

vi(17)G(z,n,0)dn -

(S .

afJ.g2 (7)G(z,0,t —7)dr + (36)
0
t
afng(r)G(z,l,t—r)dr+
0
t l
[dz[2(n,7)G(z,n.t=7)dn.
0 0
Green function in this case is [35], [37]:
-5, (2)3,()sin (a2} +d )
G(z,n,t)= ,
p= v Jaial +d
yn(z)=cos(ﬂnz)+%sin(ﬂnz), (37)

n

ok 4Kk 1[1

ky
= + +— 1+ .
QA2 AP +k 240 2 A j

are positive roots of the

n

The eigenvalues A,

transcendental equations:

1g(M) _ k,+k,

A A —kk,
For both one dimensional problems we have two
final conditions. For the problem (30), (31) the

additional conditions are:

1
=Ur (r).
(=T

And for the problem (34), (35) the additional
conditions are:

(3%)

ou
u|t:T =Ur (V),E

=V (2). (39)

t=T

ov
V|t:T =Vr (Z)’E

7 Time Inverse One Dimensional

Problem
We would like to continue with the one dimensional
problem (30)-(32) with time inverse formulation

(17) for u (r,f):
o _ Fi(ra_ﬁﬂ—cﬁ+f(rj—f)a (40)

orr T|lror\ or

re(0,R),7 €(0,T,& =—u (1),

ou
7=0 :uT(’”)’g~

t=0
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=g, (T-17),

(é‘ )
r=R

_ ou
uj. =Uus\r),—
=07
Solution is similar with formula (32):

w(r,7)= I uT@) =G(r.g,1)dg -

[uy (£)G(r&,D)dé +
tjg T - t+z' G(rRt T)dt +
jdrjf(g,T—hT)G(r,g,f—r)dg.

The solution can be rewritten in following form:

7)) = [ (€)= Gl D -

[uy(£)G(r&,D)dé +
' (41)
g (T—1,)G(r,R,7))dr, +

o'—.Nz

J dr, j F(ET-1)G(r.&.0)déE.

0 0

For the heat flux we have an expression:
O _ - ¢ o? .
gu(m=jur(§)a7G(r,§,r)d§

I

—Ju T<§)

0

=G(r,&.Ddé +

fij (T —7,)G(r,R,7,)d7, +
tO

Ej.drlj.f(f,T—rl)G(r,rf,rl)drf.

From here, a nice explicit representation of the
necessary initial heat flux immediately follows:

()= vr(e:)%cxr,é,f ), dé+

Iumf) = G(néD)|, d2+E (0)G(-R.T)

0

+| 7(£,0)G(r.¢,Tde. (42)

oc._.N
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8 Solution of 1-D problem with

constant initial conditions

We would like to finish with the one dimensional
solution with a simplification for constant initial
conditions in the formulation (34)-(35):

VL:o =v,(z) =v, =const,
ov (43)

—1{ =v,(z2)=v, =const.
ol 1 1

The solution of the time direct problem is the
following. We assume that g(z,t)=g2 (t):

g,(1)=0:
v, | 2 Gz et)de+
ot
0 (44)
vJG(z,.f,t)df =v, I, +v1,.

u(z,t)=

Intensive steel quenching process with initial
conditions (43) is very natural [10]-[14]. We have
the homogeneous equation (34) and the
homogeneous boundary conditions. As next step we

integrate Green functions in the formula (44):
1

=[2G snde -

(2), (1)cos(tfa2} +d

2,7

2

1M
=

v, (1)=

os(4,0) +%sin (40);

n

]1 :jG(Z,f,t)dfz

= ¥,(2)y, (Z)sin(tw/af/ln2 +d)
Zl A ‘

2
||V

Finally it means that we have expression for
temperature in the form of series:

- (2)r, (1)

n=l ﬂ“n yj

[vo cos(t\/azﬂu2 +d ) +v, sm(tw/az}u2 +d )}

Similarly we can transform the derivative for
heat flux in the form of series:

u(x,t)=vyl,+vl =

(45)

u &
— =0 [ Glm0dn+

0
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R
o
" ! = G m0dn=vyJy 4w,

5i)@(z))7(l)ﬁn(tJafif4—d)

T (Jazied) A

n (| Y n
(46)
= ¥, (z yn(l)cos(t a222+d)

Jl:z 1
= (,/ 2/12+d) 4

Ou
—=v,J, +vJ, =—y, x
t

- ¥, z)yn(l)sm(t a2/12+d)
5 () 2

n@pﬂnoqﬁxg+@
> 3 -
T (Jaiaid) 2

Numerical results for the formulation (34)-(35)
are the same as in the paper [23].

TV

n

9 Conclusion

We have constructed some solutions for direct and
time inverse problems for hyperbolic heat equation.
The solutions for determination of initial heat flux
are obtained either in the form of Fredholm integral
equation of 1* kind with continuous kernel or in the
closed analytical form — in the form of series or
ordinary integrals.
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