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1. Introduction

Impulsive integro-differential  equations have
become more important in recent years in some
mathematical models in  physics, chemica
technology, population dynamics, biotechnology and
economics. For an introduction of the basic theory of
impulsive differential equations in R, , see [1].
Impulsive integro-differential equations both for first
and second order have been studied by many authors,
see [4-13].0nly a few papers have implemented the
fourth order impulsive equations, see [14-15].In
[14].the author use variation methods and a three
critical points theorem to investigate impulsive
equation without impulsive differential inequalities.

In this paper, by applying a new corresponding
result connected with fourth-order impulsive
differential inequalities, we apply cone theory and
the monotone iterative method to investigate the
maximal and minimal solutions.

Consider the following initial value problem of
fourth order impulsive differential equations:

X () =  (t, x(t), X(t), X'(0), X"(0),
(X)), (X)(1)), Vet =t

AX |, =1 (X' (&),

AX | = Ly (X (), X' (1)),

AX" | =1 (X" (8)),

AX" |y = 15 (X(t), X' (8), X" (t), X" ()
(k=1,2,---,m),

X(0) = X, X'(0) = X, X'(0) = %, X"(0) = %,

where J=[0,a](a>0), x,X,%,X€E, 0 is

the zero element of E,
f eC[IxExExExExExE,E],

O<t <---<t, <---<t, <al, €C[E,E],

D
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I, e C[ExE,E]I, €C[E, E],
I, eC[ExExExE,E] (k=12,---,m),

M) = ; k(t,s)x(s)ds,

(S9(t) = [ h(t, 9)x(s)ds,
vteJ, keC[D,R], D={(t,s)eIxJ|t>¢g},
heC[JxJ,R], R =[0,+x)-
x|, = X(E) ~X(t,),
AX |, = X () = X (&),
X(t;) and X(t,) denote the right and left limits of
X a t, respectively. Similarly, X'(t;) and X(t,)
denote the right and left limits of X a t,,
respectively.
AX" | = X" (1) = X"(t, ),
AX" | = X" () = X" (),
X"(t;) and X'(t,) denote the right and left limits
of x" a t,
X"(t,) denotetheright and left limitsof X" at t,,
respectively.
Let PC[J,E]={x:J — E|x(t)is continuous at
t=t,,x(t) exist, x(t,)=x(t,)}.
Indeed, PC[J,E] is a Banach space with the
norm

respectively. Similarly, X"(t;) and

Il X 1loc = sup Il (O I
Let PC’J,E]={xePC[J,E]|X"(t) is conti-
nuousat t=t,,X"(t;) and X"(t,) exist}
For xe PC*J, E],wehave
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X(t,—&) =X +[ " X"(g)ds

vt <t<t —e<t,e>0

"

@)
(t,) exists, there exists the limit
X"(t,) of (2)as £ >0, and

Because X

X"(t,)=x"(t)+ J.:k X"(s)ds, Vt, , <t <t,.
In the same way, we obtain
X'(t), X(t), X(t)).
LetX'(t,) = X'(t), X"(t) = X"(t), X"(t,) = X"(t; ).
Obviously, X, X", X" € PC[J, E] .Indeed, PC°[J, E]
is a Banach space with the respective norm:
[l X lpes = M@X{ I X[l I X Hloc I X" llo o1l X™ lloc} -
Let PC?’[J,E] ={xePC[J,E]|X'(t) is
continuousat t=t,,X"(t,) and X'(t;) exist}.
For xe PC?[J,E],similarly, X'(t), X () exist.
Let X'(t.)=X(t.), xX"(t,)=X"(t,).Obviously,
X', X" € PC[J,E]. Indeed, PC*[J,E] isaBanach
space with the respective norm:
[l X lloce = m@x{ [ X lloc Il X llp o[ X" [lpc}
Let PC[J,E]={xe PC[J,E]|X(t) isconti-
nuousat t=t, X'(t,) and X(t;) exist}.
For xe PC'[J,E], let X(t)=X(t.). Obviousy
X' € PC[J,E]. Indeed, PC'[J, E]
space with respect to the norm:

I X[l = max{ [l X [loe I X [lpc}
Let J'=J\{t,t,,-t} t,=0,t  =a J,=
[O't1]7 J1=(t1,t2],--~,J 1=(tm—1’tm]"]m=(tm’a]!
r=max{t -t _,|i =12,---,m+1} .Denote the norm
in the space C'[J,,E] and denote the

is a Banach

||'||C1[J0,E]

norm and in the

- Mo g |
space PC'[J,E] and PC'[J,E] respectively.
J, istheclosureof J;.
xe PC*[J,E]nC*[J',E] andIVP (1), then X is

called the solution of IVP (1).

If there exists X such that

2. Preliminaries
Suppose that E is a real Banach space which is
partially ordered by acone P c E.wesay "x<y"

if and only if y—Xe P .Moreover P is called
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normal if there exists a constant N >0 such that for
al x,yeE, <x<y implies ||X|KN]|y].In
the case N is called the normality constant of
P.P is caled regular if there exists ye E such

that X <X < <X <<y
such that ||x, —X [F>0 as n-—>oo .Further

information can be found in [2].
Lemma21. Assume that

pe PC'[J,E]n C*[J',E] satisfies

p'(t) <—-M,(t) p(t) - M, (t) p'(t), Vte I, t #t,,
Apl_, =Cp'(t,), (k=1,2,--,m)

Ap' |t:tk = _Lk p(tk) - L:( p,(tk),

p'(0) < p(0) <6,

where M, (t),M,(t) arebounded with M, >0,
M,>0 on J and M, M, el[0,a].C,, L,,L,

are all nonnegative constants, and we have

(i) a(M; @+ a+zm:Ck)+ M;)+Zm:(Lk(1
k=1 k=1

implies X € E

3

k-1

+tk+ZCi)+ L) <1 (4)

aMm;
(i) M >0, aM ((eaMz)_i_M—

+(e™) Z(C (e"))

(eaM oty ) -1

2 (L () +=—— M

K=

—+

(€M) + 1) <1 )

wherel:0
M; = sup{M,(t) |t e J},M; = sup{M,(t) [t  J},
C,=0,then p(t)<0, p'(t)<0o, Vted.
Let P"={geE |g(x)>0,vxeP} .For
any geP® such that v(t)=g(p(t)), then
ve PC[J,RInC?J,R] and V'(t) = g(p'(t)),
V'(t) =g(p'(t)), Vte J. By (3) wehave
V'(t) < -M, (t)v(t) - M, (t)V'(t),Vte It =t,,
Av |t=tk =CV'(t,),
AV S L) - LV (), (k=12
V'(0) <v(0)<O0.
Put

Proof.

m), (6)
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V. (1) =V'(t) (te J),thenv, e PC[J,R] "C'[J",R]
and

V() =v(0)+ [ v(ds+ > v,

O<ty <t

:v(0)+.|';v*(s)ds+ > Cu(t),Vted (7)

O<t, <t
So we have by (6)
V() <-M,OMO) + [ w(9ds+ > Cu(t,))
O<ty <t
— M, (V. (1), Vte I, t =t
AV |, < -L MO+ [ v(s)ds ©)

+ g CVv(t))-Lw(t)

V.(0)<v(0)<0,(k=212,---,m),.
Next, we show
v,(1)<0,vted 9)

We suppose the inequality V,(t)<0,teJ is not

true. This means that we can find t* € J such that
v, (t") > 0.We have the next two cases:
Case (a): Assumethat t e J; =(t;,t;,,] Let

inf v, (t) =—-A.

o<t<t’

Then A1 >0.
()4 =0. By (8), wehave
Vi(t) <0, Av. |, <O0.

Then V. (t) isdecreasingon [0,t'], so
v.(t) <v.(0)<0.
Thisisacontradiction with V. (t") > 0.

(i) A>0.There exists t. €J,, ne{L2, ---,m}
such that v.(t.)=-4 or V.(t')=-A1. Below we
discuss only the situation when Vv, (t.) =—A.(The
proof is similar, whenv, (t,) = —1).We obtain by (8)

V() <M;(1+a+ ) C)A +M,A=My4,
k=1
vte[Ot],t#t,, (10)

k-1
AV |, SL @A+t + ) C)A+ LA, Vi <t (11)

i=0

where
Mo =M;(1+a+> C)+M,. (12)
k=1
Then we have
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V()W () = V(EE -1t <&, <t

V. (tj)_V* (t;r-l) = V*:(fj—l)(tj _tj—l)’tj—l < gj—l < tj J

V. (tn+2) -V (tr-:-#l) = V*' (§n+l)(tn+2 - tn-+—1)
tn+l < §n+1 < tn+2’

Ve (tn+l) -V (t*) =V (gn)(tml -t )' t < gn < tn+1'
By (11) we know

(13),

k-1
Vi (8) = Ve (t) + AV |, <V (b)) + L A+t + > C)A
i=0

+L A (14)
Combing (10), (11) and (13),(14), thisyields

j—1

V() -w(t) <L (14 + Y C)A+ LA
i=0
+AM, (1 —t))

j-2
V() -Vt ) <L+t +> C)A+L 4
i=0

+ lMO(tj t; D
....................................... (15)
V. (tn+2) -V (tn+1) < Ln+1(1+ tn+1 + Z Ci )2’
i=0
+ L:1+1/1 +AM, (tn+2 - tn+1)’
V(L. )+ A< AM (.., —t).
Adding those inequalities,we have
A<V(t)+A
i k-1 j
<A LA+t +Y . C)+A D L
k=n+1 i=0 k=n+1
+AM, (" -t.)
m k-1
<A LA+t +>.C)
k=1 i=0
+2) L +AMga, (16)
k=1
This means that

m k-1 m
1<;Lk(l+tk +ZC;C')+;LK +Ma  (17)

Thisisacontradiction with (4).
Case (b): when (ii) satisfies, putting

J“Mz(s)ds
0

w(t) = V. (t) ,
by (8) we have
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.[[;Mz(S)ds t I;Mz(f)dr
W (t) <-M,(O)(v(0)(e e s
£ Y @ ), vtedts,
O<t, <t
Awl_, <-L (V(O)(ejf’ 0%

S @ " yw(s)ds

S -t

w(0) <v(0)<0,(k=12,---,m).
In the same way, we have

w(t) <0.
Hence, V, (t) < 0.1t meansthat V'(t) <0, Vt € J. This
yields
V() =v(0)+ [ ;v*(s)ds+ 3 Cu(t,)<0vted.

O<t <t

Moreover, for any geP’, we have p (t) <0,
p'(t) <0, Vt e J. Thisendsthe proof.
Lemma 2.2M Let me PC[J,R],keC[D, R],

B >0(i=12,
m(t) < j;k(t,s)m(s)ds+ 3 Am(t), vteJ.

O<t; <t

-,M) isconstant and

Then m(t) <0.

Lemma 2.3 If H < PC[J,E] is abounded and
countable set, then we have a(H(t))eL[J,R]
and

a(f j:x(t) dt:ix e H}) < 2j:a(H (t)ct.

Lemma 2.4 Assume that H — PC'[J, E] is bo-
unded set, and the functions belonging to H'are
equicontinuity on J, (k=1,2,---m)

Orp (H) = max{supe (H (1)), supa (H (1)}
where ., is a measure of noncompactness in

PC'J, E].

In order to study the fourth-order impulsive
integro-differential equations, we study the second-
order impulsive differential equations firstly by
method of the reduction of order.

3. Some results of the second order

impulsive differential equations
We investigate the following second order
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impulsive differential equations:
u"(t) = f(t, (Bu)(t), (Fu)(t), u(t),u'(t),
(TBu)(t), (SBu)(t)),vte I, t #t,,
Au |t:tk =1, (U'(t,)),
AU’ = 15 ((Bu)(t,), (Fu)(t,), u(t,), u'(t,))
(k=12,---m),

(18)

u(0) =%, u'(0) =X,

whereJ =[0,a](a>0), f e C[JxExExExEx
ExE, E],O<t <---<t, <---<t_<a, 1, €C
[E,E], |, eC[ExExEXE,E] (k=12 ---,m),

X, % € E,(Tu)(t) = [ ;k(t,s)u(s)ds, (SU)(t) =
jo""h(t,s)u(s)ds, vted, keC[D,R], D={(t,9)

eJxJ|t>¢g}, heC[JxJ,R],R =[0,+c).

Aul, =u(t)-ut), A’} =U'(t) - u'(t).

u(t,) and u(t,) denote the right and left limits of

uat t, respectively. Similarly, u'(t;) and u'(t,)

denote the right and left limits of U a t,,

respectively. Define two operators B and F

B:PC'J,E]nC*[J,E] » PC*J,E]n
C*[J'E]

F:PCYJ,E]nC?J',E] > PC?’[J,E]n
C’[J,E]

They are continuous and increasing operators.

Assume that the following conditions are satisfied:

(H,) Thereexist u,,Vv, € PC'[J,E]NC?*[J', E]
suchthat U, (t) <V, (t),uy(t) <v(t), vVted and
Ug (t) < (¢, (Bug)(t), (Fu,)(t), Uy (1), Ug (1),
(TBU,)(1), (SBu,)(t)), Vte I, t #t,,
Au, |t:tk =15 (U (t,)), (19)
AU |y, < Ty ((BUp)(t ), (FUp)(t ), Ug (8 ), Ug (&)
(k=12,--m),
U (0) < %, U (0) — Uy (0) < X — X,
Vo) 2 (1, (Bv,)(), (Fvp) (1), Vo (1), Vo (1),
(TBv,)(t), (SBv,)(1)), Ve J, t =t,
AV, |t:tk =1, (Vo (t,)), (20)
AVg |, = 15 ((BVG) (), (FVo) (1), Vo (t), Vo (8))
(k=12,--m),

V,(0) 2 %5, V4 (0) =V, (0) = X; — X,
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(H,) Thereexist M,(t), M,(t) are bounded with
M,;>0,M,>0 on J and M,,M, e L70,a].C,
>0,L, >0, >0, (k=12,---m) suchthat
>-M,(t)(z—Z) - M, (t)(u-0),Vte J,
|5 (U) = 1, (T) =C, (u-1),

I3k (X’ Y:Z, u) - |3k (7’ V,ZU)
> L (z-27) -L(u-),
(Bu,)(t) < X < x< (BY,)(1),
(Fu,)(®) <Y< y< (Fy,)),
Uy(t) SZ < 22V, (1), ug(t) ST Su<v(t),
(TBU,)(t) <V <v< (TBy,)(t)
(SBu,)(t) < W< w< (SBy,)(t).
(H,) Forany r>0,thereexist d >0,d >0,
and b >0,a" >0, (k=12,---m) suchthat

a(f(J,U,U,,U;U,,Ug,Uq))
<da(,) +d:0£(U4),

vU, c B, ,(i=1234,5,6),

a(ly (Vi V,,V,,V,) < br(k) max{a(V,),a(V,)},

VvV, cB,(j=1234),(k=12--,m),
a(lx(V,)) < ar(k)a(v4): wW,cB (k=12,--,m),
where B ={ueE|||u|r}. a is the measure of

noncompactness in E with the Kuratowski

property.
Denote

[U. Vo] ={ue PC'J,E] [ U () u(t) < Vo(t), ug(t) <
u'(t) <vy(t),vte J}.

Theorem 3.1. SupposeE is a rea Banach space, Pis

a norma cone,B and F are bounded operators,

and (H,)-(H;) hold, assume that (4) or (5) is
satisfied. Then there exist monotone sequences
{u}.{v.} c PC'[J,EINC* [, E],
are uniform convergence at
u,v e PC[J,E]nC’J, E]

where U~ isaminimal solution and V' isamaximal
solution of (18) on [u,,V,] and {u},{v.} ae
convergentat (U')’,(V')" respectively, and

Up(t) Suy(t) <o <u () <--<u'(t) <ut)  (20)
SV () < <v ()< <y () <y (t)  Vied.
ut) <u/(t) <--<ul(t) << (UD)(E) S U(t)
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<S(V)(t) <<V ()< <V S V(L) Ve d.
Proof. For any 7 €[u,,V,], we consider the sol-

ution of linear impulsive differential equation of type
u’(t) =-M,(t)u(t) - M, {u't) +o(t), vVt e I, t =t,

Aul =1, (17'(t))+C (U'(t) —7'(t)), (22)
AU |, =15 ((Bn)(t), (F7)(t), n(t), 7' (t))

=L (u(t) = 77(t) - L (U'(t) - 7'(8))
(k :Lz’m)

u(0) =X, u'(0) = X;,

where

o(t) = f (& (Bn)(), (F7)(t),7(t),7'(t,), (TBy)(1),
(SBn)(1)) +M, (07 (t) +M, (07’ (L))

Obviously,u € PC[J,E]NC?*[J',E] is a solution

of (22) if and only if ue PC[J,E] and

U(t) = %, +66 + [ (t-9)(a(8) - M, (u(9)
~M,(U'(9))ds + D (1, (7'(t))

O<t, <t

+C, (Ut =7t ) + X E-t)

O<t, <t

(I ((By)(t,), (Fm)(t ), (L) 7' ()

~L(u(t) - 7(t)) ~LUt) -7't))- (23
Next, we show that U isaunique solution of IVP
(22).Let
f.(t,u,u)=o(t)— M, (Hu(t) —-M,(t)u'(t), teJ.
Firstly, we consider the following linear differential
equation:

{u"(t) = f.(t,u,u),ted,
u(0) = x,,u'(0) = x;.
It's easy to provethat ue C?[J,,E] isasolution of
(24) if and only if ue C'[J,, E]

U() = X, +06 + [ (t-9)(o ()~ M, (9u(s)

(24)

-M, (s)u’(s))ds.
Let
(AU =% +05 + [ (t-9)(o(s) ~M,(S)u(s)
—M, (s)u'(s))ds. (25)
Then (AU)'(1)=% + [ (o(8)—M,(9u(s)
—M,(s)u’(s))ds. (26)

Forany u,ve C'J,, E],by (25) and (26) we have
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1 (AU)®) - (AW |
<[ €-9) (M] llu(s)-v(9) |
+M; [|u'(9)-v(9) I)ds
<[ o(M; llu(9) - v(9) | +M; lu'(s) - v(s) IDds
<(r+)(M, +M)t[[u-Vv]|
(AU - (AWO) |
<[ (M U9~ () +M; |u'(8) - V() )ds

ted,.

ClJ,,E]

< (+DM; + M)t [[u=v,
(AU ®) - (AW |
<[ 2 (M; I1(AU)E) - (AV)E) |
M [[(AU)(9) - (AV)(9) [)ds
< M) 0Vl o ted,
(AU ® - (A O |

Y &
<(r+2)*(M; + MZ)Z(E) ||U_V”01[JO,E]’t € J,.

ted,

[Jo.El

Hence

I (Au)(®) - (AV)O Il (27)
< (D) (M + M) U=Vl o e de

[l (Au)'(®) = (A D) |l (28)

. oxn t"

<(z+D)" (M; + MZ)n(ﬁ) ||u—v||c1[J0‘E] teld,
and

HCAW) = (A) lles, g, (29)
<(c+D)" (M, + M;)”(%nl) "u_vllcl[Jo,E] teld,.
Thereexists n, € N such that

(z+1)™(M; + M;)”o(;nol) <1 (30)
b!

So by (29), (30) and the Banach fixed point theorem,
then A hasauniquefixed point w, € C'[J,, E].
It means that w, € C[J,,E] is a unique solution
of the (24) such that
{Wa(t)= . (t, W, Wp), t € Jg,
W, (0) = X, W5 (0) = ;.
In the following we consider

(31)
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u"= f.(t,uu),ted,
u(t;) =1, (7' (t)) + CL(Wo (t) — 7' (1)) + We (L),
u'(t;) = 15, (B (L), (F)(t), 7(t). 7' (L)) (32)
— L (w, (t) = 7(8)) — LWy () —77'(t,))
+ Wy (t,)
It is easy to prove tha uePCYJ,E]N
C?[(t,,t,),E] is a solution of (32) if and only if
ue PC'J,,E] suchthat
u(t) =1,,(7'(t)) +C, (W (t) —7'(t)
+Wo(ty) +(t—t) (I ((Br)(t),
(F)(t), n(t), 7' (1) —Li(wy (t) — (1))
—L (W (1) —7'(%)) +w; (1))
+], =9)((9)-M,(u(9
-M, (s)u'(s))ds

Put
(AU)(t) =1, (7'(t) +C(Wo(t) —n'(t,))
+W () +(t—t) (15, ((Bn)(t),
(Fm)(t).n(t),7'(t,))
—L (W (t) -7 ()
_L;(V\/é t)—7n'(t)) + Wy (t,))
+[ =99 -M(Su(s
~M,(s)u'(s))ds, tel,. (33)
Thenforany teJ, wehave
(Au)'(t) = (I, ((B)(t), (Fi)(t), (L),
17'(t)) —L(wo (t) -7 ()
—L (W (1) —7'(t)) + wh (L))
+, (@(59)=My(s)u(s) ~M,(s)u'(s))ds
Obvioudy, A :PC'J,,E]— PC'J,,E].
For any u,vePCYJ,E], using the smilar

method used in (29) we obtain
” (Atnu) - (AFV) ”PCl[jlvE]
0o oxng T
<+ (M + M) (D llu=
By (30), (34) and the Banach fixed point theorem,
A" has a unique fixed point w, e PC'[J,, E].

It means that W, e PC'[J,,E] is a unique
solution to (32) such that

\Y ”PCl[jl,E] (34)
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w = f.(t,w,w),ted,
W () =1, (7' (1)) + CL(Wy (1) — 7' (t) + Wy (t,),
Wi(t) = 1o, ((B)(t), (Fm) (). (L), 7'(t,)
- L (w (t) —n(t,))
— L(w)(t) —7'(1)) +wh(t)
Again, we want to prove that linear differential
equation for any 1,(i=12,---m)
u"=f.(t,u,u’),ted,
u(t’) =1, (' (t)) + G (W, (4) —7'(t)) + w_, (),
u'(t") =15 ((Br)(t), (F)(t). (), 7' (L))
— LWy (6) —n(t))
=L WL (6) =76 ) + WL (6),
has a unique solution
w e PC'[J,,E]nC?[(t; .t
W= f,(t,w,w),ted,
W (L") =1, (7' (4)) + G (W (t) — 7' () + Wy (),
W) =15 (B, (F7)E).n(t).7'(¢))  (36)
= Li(w_, () —n(t)) - LT (W, () —7'(t))

(35)

1), E] suchthat

W4 ().

Let
w,(t),te J,,

0,0 = w(t),teJ,, 37)
w, (t),ted,.

Combing (31) and (35), (36), (37), we have U, €

PC'[J,E]NC?[J’,E] is a unique solution of IVP
(22).

Putting u, = A7, Then

Alu,,v,] - PC'[J,E]NC?J,E]

Next we prove two cases.

Case (1): U, < Auy, Uy < (Au,)’,

Ay, <V, (Av,) L V.

Case (2):if 1,1, €[U,,V,] and
m <1, <1y, then A, < A, (Ag,) < (Any)'.
First, consider case (1).
Put U, = Au,, p=U,—U,. By (22), we have

Ui’(t) =-M,(t)u,(t) - Mz(t)u{(t) +M (t)u, ()
+M, ()ug (1) +f (t, (Buy)(t), (Fup)(t),
Uy (1), Ug (t), (TBU, (1), (SBu,)(t)), vVt e J,t #t,,
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Au, |t:tk =l (U(') (tk)) + C, (ui(tk) - U(’) (tk ))!
Auy |t:tk =15 ((Bup)(t,), (Fu ) (t), Uy (L),
Uy (tk)’ Ué (tk )) - Lk (ul(tk) —Uy (tk ))
~L (ui(t) —up(t) (k=12,---,m),
U, (0) = %, (0) = ;.
Moreover, by (H,) we have
p'(t) = Uy (1) - uy(t)
<—M,(t) p(t) - M, (t) p'(t), Vi e J, t = t,,
Ap |t=tk =AU, |t=tk Ay |t=tk =C.p'(t),
Ap' |t=tk =AU, |t=tk —Au |,
<-Lp(t)-Lp't) (k=12 m),
P'(0) = uy(0) -y (0) = Uy (0) — %
<U,(0) - %, = p(0) < 6.
Hence, by Lemma 2.1 we obtain
p(t)<o,p'(t)<o,vted.
This means that
Uy < Al Uy < (Au,)".
In the same way, AV, <V,, (Av,)' <V,

(38)

Next, consider case (2):
Let 7,77, €[Ug, V] suchthat n, <n,,m; <7, and

put p=4 -4, where 4, = Ay, 4, = Ay,
Combing (22) and(H,) , we have

p"(t) = A(t) - 2;(t) = -M,(t) p(t) - M, (1) p'(t)
= (F(t, (B, )(1), (F1,)(1), 77, (1), 77, (1),
(TBn,)(1), (SBr,)(1)) — f(t, (B, )(1),
(F,)(0), 17, (t), 72,(t), (TBr, ) (1).(SBr, ) (1))
+ M, (1) (77, (t) = 7,(1)) + M, () (7 (1) - 72,(1)))
<-M, () p(t) -M, () p'(t),Vte I, t =t,,
Ap ll:tk =A4 |t:tk AV lt:tk =1 (m(t,))
+C (A () —m () — 1 (5 ())
—C (A (t) -5 () =G p'(ty),
AP, = Ak, —AA |,
=l ((Bm)(t), (Fm) (), m (t). mi (L))
- L (A4 (t) = m(t)) — L (A () —7(t,))
= Ly ((B7,)(t), (F,) (8, 7 (), 75 (1))
+ L (A, (t) =17, (8)) + L (A5 (8 ) = 75(t,))
<-Lp(t)-Lp ) k=12 m),
P'(0) = p(0) = 6.
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Moreover, by Lemma2.1 we obtain
pt)<o,p'(t)<o,vteJ,
this means that
(A)(1) < (Ar)(0), (A, ) (1) < (Ag,) ().
Let

u,=Au .,v,=Av ,(n=12,--).

By Case (1) and Case (2), we have
U, () <y t)<---<u () <---

SV (L) <<y (t) S v (), Ve e J.
Up(t) Suj(t) <---<ul(t) <---
SV (L) <<y (t) S v (t), Vi e d.

(39)

(40)
Let
U={u,|n=L12---},U'={u |In=12,--},
UM ={u,®In=12-3,
u't)={u (t)|In=12,--},teJ.
By normality of P and (40), then U,U"'are both
bounded sets in PC[J,E]. For any 7 €[u,,V,],
combing (H;) and (H,),we have
U3 (1) + M, (U, (©) + M (DU ()
< (1, (Bup) (D), (FUp) (1), Uy (1), Ug (1), (TBU, ) (1),
(SBU, (1)) +M, (), () + M, (U ()
< £ (6 (Br)(t), (F)(t),n(t), 7' (1), (TB)(t),
(SBn)(1)) + M, ()n(t) + M, (t)7'(t)
< F (6 (Bvp) (1), (FVo) (1), Vo (1), Vo (1), (TBY, (1),
(SBV,)(1)) + M (1) Vo (1) + M, () v (1)
< Vo (1) + My )V, (1) + M, (D) v (1)
Moreover, we obtain
{f(t.Bn,Fn.n,n",TBn, Br)

+M1(t)77 +M 2(t)77' |7 e [uo’vo]}
is a bounded set. Hence, there exists a constant
y >0 such that

| f(t,(Bu,_)(t), (Fu, )(0), U, (1), U, (1), (42)
(TBU, (1), (SBU, ,)(t)) ~ M (O)(U, (1) — Uy, (1))
“M, W0 U, ®) | <7, Vte I(n=12,-),
and {o,|n=12--} is a bounded set in
PC[J, E], where
o, (t) = f(t,(Bu,_)(), (Fu,_)(t),u, 4 (1), uy, (1),
(TBu,_,)(t), (SBu,,)(1))

+M, (Hu,, (1) + M, (Huy 4, (1)

By the definition of u, (t) and (23), we have

U, (0) = %, + 06 + [ (= 9)(T (5, (Bu, .)(),

(41)
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(Fu, 1)(8), U, 4(8), Uy, 1(8), (TBU, ,)(9),
(SBU, 1)(8)) + My (S)u,,4(8)
+M, (U, 1 (8) =My (s)u,(9)

—M,(s)u;(s))ds+ Z (1 (U4 (8))

O<t, <t

+C (U () —uy 4 (1))
+ > (t=t) (15 ((Bu,,)(t,),

O<t <t

( Fun—l)(tk )’ un—l (tk )’ ur’1—1 (tk ))
=L (u, (t) —u, 4 (t))
—L(unt) -ur 4 (8), Vte I(n=1,2,--).
Then, we have
U (1) =% + [ (f (5.(BU, ,)(9), (Fu, .)(9),
U, 4(8), Uy (8), (TBU,;)(s), (SBU,,)(9))
+M (U, (S) + M, ()u; 4 (S)
—M,(s)u,(s) —M,(s)u;(s))ds
+ Z (15 ((Bu,_y)(t, ), (Fu,_1)(t,),

O<t, <t
Uy (tk)’ UI’H (tk )) - Lk (un (tk) —U, (tk ))
_L*k (ur: (tk) - u;—l(tk)))’ vteJ (n =12, )
By (42), (43) and (44), the functions belonging to
U,U’"are equiv-continuity on J,(k=0,12,---m).
So by Lemma 2.4, wehave VteJ

(43)

(44)

oo (U) =maxisupa(U (t),supe a(U’(1));.

By (H,), there exist constants d >0,d” >0 and
b® >0,a® >0(k=12,---,m) suchthat
a(f(t,(BU)(), (FU)(®),U (),U'(t),
(TBU)(1), (SBU)(1)))

<da(U (t))+d aU’(t),Vte J. (45)
a (15 ((BU)(E), (FU)(t),U (t,),U't)))
<b® max{a(U (t,)),aU'(t))}
(k=12,---,m). (46)

(1, U') <a¥a(U'(t) (k=12 m) @47)
Hence, for any t e J,combing (43), (45), (46), (47)
and Lemma 2.3, we have

(U (V) < 2a] (a( f (s,(BU)(S).(FU)(S),

U(s),U’(s),(TBU)(s),(SBU)(s)))
+2M. a(U(8)) + 2M e (U(s)))ds
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+ 2, @aU't))+2CaU' 1))

O<ty <t

+ 2, @ max{aU (t), «U't))}

O<t, <t

+2al (U (t,)) +2alaU' ()
<2af ; [daU(9)+d aU’(9)
+2M. (U (9) + 2M s (U'(s)))ds

+ 3 @Wa(U't))+2C,aU' L))

O<ty <t

+ 2, (@b max{a(U(t)),aU't)}

O<t, <t

+2al, (U (t,)) + 2ala(U(t,))
aU') <2 ; (da(U(9) +d aU'(9)
+2M. (U () + 2M e (U(s)))ds
+ > (0" max{a (U (t)),a(U ()}

O<t, <t

+2L, (U () + 2L (U'(t,)))

(48)

(49)
Let

m(t) = max{a (U (1)), a(U’(t))}.
Because the functions belonging to U,U’ are
equiv-continuity  on J (k=12,---m) and
U,U" are bounded, we have m(t) e PC[J, E],
m(t) > 0. Combing (48) and (49), we obtain

m(t) < 2(a+1)(d+d" +2M; +2M,)| ; m(s)ds (50)
+> @9 +2C +(@+) (0" +2L, +2L))m(t,).

O<t <t
Moreover, by Lemma 2.2, we have m(t) <0, this
means M(t) =0, t € J, moreover,
aU((t)=0,aU’'(t))=0,teJ.
This vyields that U possesses the relatively
compactness in PCY[J,E] , U’ possesses the
relatively compactness in PC[J, E] .Hence, by (40)
and the normality of P, {u,} is convergent at

u' e PCYJ,E], {u

1} isconvergentat (u')’ and
(51)
Because f is continuous, by the definition of o,
and (51), we have
o, =0 llpc— 0,(n— o)

where
o’ (t) = f(t,(Bu)(t), (Fu')(t),u (V)

(u)'(t), (TBU)(t), (SBU)(1))

I, =" llos= OLluy = () flc— O

(52)
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+M, (DU (1) + M, (1)(U)'(0).
By (42), (51), (52) and L ebesgue contral convergent
theorem, we have

limu, =u"(t),limu, = (u")'(t)
Moreover,

U (1) =%+ G+ [ (t—9) f (s, (BU)(9)

(Fu')(9).U'(9), (u)(9), (TBU')(9),
(SBU)(S)ds + X 1 ((U)'(t)

O<t, <t

+ Z t—t )15 ((BU)(,), (Fu)(t,),

O<t, <t

u(t),u)t)),vteJ,
(W) (®) =%+ [ £(5,(BU)(S),(FU')(S.u(8),
(U')/(9), (TBU')(9), (SBU')(8))ds
+ 3 15 (BU)(E). (FU ().

O<t, <t
U (t), (U)(t)), Ve J,
It is easy to provethat u” € PC'[J,E]nC?[J',E]
isasolution of IVP (18).In the same way, there exists
vV e PC[J,E]nC?[J',E] suchthat
IV, =V ll= OIVy = (V) [lpc = O.
v isasolution of IVP (18),and by (40),we have
U () Su(t)<--<u (t) <--<u (t) <V (1)
<Ly () <2 () S v (), Vi e d.
UM <u) < <uM) << U<V ()
< SV () S-Sy () S v () Ve e d.
For ue PC'[J,E]nC?J',E] is any solution of
IVP(18) on [u,,V,], then
Uy (t) S u(t) < v, (t), ug(t) Su'(t) < vi(t),VteJd.
Assumethat u,_,(t) <u(t) <v_ ,(t), u,(t) <u'(t)
<V (1), Vted. Let p(t)=u, (t)-u(t). By (22),
(39) and (H,), wehave
p'(t) =M, () p(t) ~ M, (1) P'(t)
—(f (&, (Bu)(t), (Fu)(t), u(t),u'(t),
(TBU)(t), (SBu)(t))
— £ (t, (Bu,,)(1), (Fu,_)(t), U, (1),
Uy 1 (1), (TBu, ,)(1), (SBu,_,)(1))
+M, () (u(t) —u, (1)
+M, () U'(t) - Uy, (1))

(53)
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<=M, () p(t) -M, () p'(t), Vte J,t #t,,

Ap |t:tk =l (ur'l—l(tk)) +Cy (u:] (tk) - url'n—l(tk )

-1 2 (U'(tk)) = Ck p,(tk)!
Ap' |t:tK = 13 ((Bu, 1) (), (Fu, ) (), U, (),

ur:—l(tk)) - Lk (un (tk) - un—l(tk ))

_L*k (Ur: (tk) - urrw—l (tk))

—l ((Bu)(t,), (Fu)(t,), u(t,), u'(t,))

<L p(t) - L P't) (k=12,---m),
p'(0) = p(0) = 6.
By Lemma 2.1, we have p(t) <8, p'(t) < 0,Vt e J.
Moreover, u, (t) <u(t),u/(t) <u'(t),vte Jd .In the
same way, we can show that

u(t) < v, (t),u'(t) <V (t),vted,
Hence, we obtain
U, (£) < U(t) <V, (1), Ul (1) < U'(1) < V4 (1),
vteJ(n=0,12,---).
Now if n— oo, forany teJ,
u (t) <u(t) <V (1), (U))@)) <u'(t) < (V) ().

By (53), then (22) holds. This ends the proof.
Theorem 3.2. Suppose E isarea Banach space,
Pis aregular cone, and (H,),(H,) hold. Assume
(4) or (5) issatisfied, then (21) holds.
Proof. The proof is similar to the proof of Theorem
3.1, the only difference is that we verify relative
compactness of U,U" and the regularity of P by
(40) instead of H,.This ends the proof.
Corollary 3.1. If E is a weak sequentially com-
plete Banach space, P is a normal cone,
H,,H,hold, and (4) or (5) is satisfied, then (21)
holds.
Proof. If Eisaweak sequentially complete Banach
space, the normality of P is equivaent to the
regularity. Hence, (21) holds by Theorem 3.2. This
ends the proof.
Remark 3.1. f is relative to operators B,F . To
my knowledge, in al papers connected with the
second order impulsive integro-differential equation
has been not investigated this situation, so IVP (18) is
anew problem.
Remark 3.2. B,F rdative to Theorem 3.1 are
bounded and continuous operators, however, B,F
relative to Theorem 3.2 are continuous and
increasing.

(54)
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4. Someresults of the four order

impulsive differential equations
Let us list the following assumptions for
convenience:

(G,) There exist
Yo 2o € PC[J,E]NC*[J', E]

suchthat Y, (t) < 2,(0), Yo(0) < (V). Yi(0) < Z,(0),
Yo (t) < Z(t),t e J,
Yol (£) < F(t, Yo (1), Yo 1), Yo (1), Y (1),

(TYo)(1), (Sy)(1)), Vt e I, t = t,,
AY, |t=tk= ok (Yo (t)),
AY, |t=tk = L (Yo (t), Yo (8)),

A b = ) (k=12 ), )
Ayy |t=tk < g (Yo () Yo(t) Yo (t) Yo (L))
¥0(0) = %, Y5 (0) = X, Yo (0) < X,
Yo(0)— Y5(0) < X — X,
Z7(t) 2 f(t, (1), z (1), (1), (1), (TZ)(),
(Sz,)()), Vte J,t =t
AZy | = T (Z(t)),
AZ{) |t=tk = Ilk(Z(,)(tk)’ Zg(tk)),
(56)

Azg |, =15 (Z (), (k=12,---,m),
Azg|_, 2 15(2 (), Z(t), Z(t), Z (L),
2(0) = %, %(0) =X, 2(0) 2 X;,
2(0)-2(0) 2 X, - X,
(G)) There exist
Yo.Z, € PC°[J,EINCJ', E]
such that (1) < 7(t), yo(t) < (1), Yo (t) < Z (1),
yI(t) < Z(t),t e J,
o2 (t) < f (1 Yo 1), Yo(t), Yo (0), Yo(t),
(TYo)(), (o)1), Yt e I, t =1,
AYo oy < 1ok (Yo (t)),
AY b, < 1 (Yo (), Yo (8)),
Ao |, = 1a(Y" (1)),
AYG ey, < Tae (Yo (), Yo (te), Yo (to),
¥o(0) <5, ¥5(0) < %, y5(0) < x;,
Yo(0) - Y5(0) < %, — %,

(57)

Yo (t)),
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Z0(t) > f(t,2(t). (1), (1), Z (1), (T2,)(1),
(&O)(t)) Vte J,t#t,,

AZ0 |l—t = Ok( (t ))1

Az | 2 1y (Z(t), Z (L)),

Az Il:tk =1, (7(t)), (58)
AZ"| 2 15(7 (), %(t), % (8, (L)),
(k=12,---,m),

7,(0) > x5, 2,(0) 2 X, (0) > X,
2(0)-2(0) 2% -%

(G,) There exist M,(t),M,(t) are bounded

with M;20,M,>0 on J ad M, M,

el0,al. C, L,L (k=12--m) ae dl

nonnegative constants such that

>-M,;(t)(z-Z)-M,(t)(u-0),vteJ,
lOk(Z) 210 (2), 14 (Y, 2) 2 1, (Y, 2),
Ly (U) = 1, () =C, (U-T)

I3k (X, Y:Z, u) - |3k (7: 71ZU)
>-L (z-2)-L @u-0) (k=12,---,m)
where

Vo) SX < X< 7(1), Vo) <Y< y< Z(1),
Vi) SZ<z<Z(), VIO ST<u<Z),

(Tyo)(t) <V <v<(Tz)(t),

(SYo)(t) s W< w<(Sg)(t), vt ed

(G;) There exist

by =20,a, 20,b, >20,(k=12,---,m)
such that
o (2) =1 (2) II< By 1 2= Z ]I,
” Ilk(y1 Z)_ |1k(717) ”S ay ” y_y |I+blk " z-7 ”1
v,2,¥,Ze E(k=12,---,m).
Denote
[Yo. 2] ={y € PC’[3, E]] 5 (t) < y(t) < 7,(1),

Yo(t) < Y'(t) < 7(t), yo(t) < y'(t) < 7(t),
V(0 < y"(t) < (1), vt e 3}.

Theorem 4.1 Suppose E is a rea Banach space,
Pis normal cone, and (G)),(G,),(G;),(H,) hold.

Assume (4) or (5) is satisfied, then IVP (1) has the
maximal and minimal solutions

y,Z e PC’[J,E]NC"J,E]
on [Yy, 2]

E-ISSN: 2224-2880

Zhang Lingling, Yin Jingyi, Liu Junguo

Proof. Consider IVP (1). Let X'(t)=u(t),te J.
Then we have

X'(t) =u(t), vVt e J,t £t,,

u"(t) = f(t, x(t), X (), u(t), u’(t), (TR)(), (S)(1)),
Vted,t=t,

AX|, =
AX |t:tk =
Aul_, =
AU}, =

o (U(L)),

| (X' (t), u(ty ),

L (U'(t,)),

L (X(8), X (t,), u(ty ), u'(t, )
(k=12,---,m),

X(0) = %, X(0) = x,u(0) = %, u'(0) = X;

Forany ue PC[J,E], wehave

X'"(t) =u(t),vte J,t #t,,

AX|y, = To (u(t,)),

AX' |y = Ly (X () U)K =12, m),

X(0) = %, X(0) = X.

Obviously, if xePC'J,E]JNC’J,E] is a

solution of (60) if and only if

X(t) =% +Xt+ [ (- u(ds+ Y 14 (u(t,))

(59)

(60)

+ 2, =t (X (), U, (61)
and k
X (t) =% +I u(s)ds+ D I, (X(t,),u(t)). (62)
Let k
X(t) = (Bu)(t),t € J. 63)
X (t) = (Fu)(t),t € J. (64)

Then define two operators B, F
B:PC[J,E] -» PC'[J,E] ﬂCZ[J’, E],
F:PC[J,E] - PC[J,E]NC'J', E].
Next, we show that
(i) B isbounded and continuous.
When m=34,---, for any V,,Y, € PC[J,E], by
(62),(63), we have
| (By,)(t) — (By,)(t)

<[ -9 w9 lds
+ Z o (Ya(t)) — 1o (Yo B I

O<t<t

+ Z €=t ) 1115 ((Fy) (), Ya(te))

O<ty <t
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_Ilk((Fyz)(t IRAM]
II Yi— Yo llec +Zb0k Y, = s lloc (65)

k=1

+aZ ay [ (FyD)(t) - (Fy ) (@) |l
+azm: blk ” yl - yz "pc

=_ " Yi—Y, ”pc +Zb0k I Yi—Y> ”PC

k=1

+aZ blk ” Yi— Y ”PC
+a(a1m ” (Fyl)(tm) - (Fyz)(tm) "

m-1

+Z ay [ (Fy,)(t) - (Fy,)(t) Il)

<_ ” Yi— Y. ”PC +Z bOk ” Yi— Y. ”PC

k=1

+aZ b.l.k I Yi=Y. ”PC
Fal(3, )3 I (FRE) - (FY)E) |

+a1mtm " Yi—Y. ”PC +a1mzblk ” Yi— Y. ”PC)
k=1

a’ m
< 7 ” Yi— Y. ”pc +z bOk ” Yi—Y, ”PC
k=1

+azm: By 12— ¥ llec (66)
+a<a1mm2 by +Z(a1k(H @, +1»zbl)

+a1mtm + Zalktk H (alj +1)) ” Yi— Y, ”PC .

k=1 j=k+1
Hence,

" By1 Byz "PC N ” y1 y2 ”PC'

where

N, =53+ a3, +a(a,3 b,
DTy CIEN LY

j=k+1
+a1mtm +Za1k k H (a1] +1)) (67)
j=k+1
In the same way,
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1(BY.) = (BY,) lloc < N3 1 Y, = ¥ llec.»
where
N, :a+zblk+(almzblk (68)
+m2(qk(H @, +1))ZQ
+Za1k k H (aij +1))
So

” Byl_ Byz ”pcl_ N’ ” Yi— Y, ”PC’
where N =max{N;,N;}. Hence, B is bounded
and continuous. When m=1,2, the proof issimilar.
(i) Bisincreasing.
For any v,Y,ePC[J,E],y,<Y,, by (G,)
and (61), we have
(Byl)(t)_(Byz)(t)

= [, t=9(A(9) - yx(s)ds< 0, t e Iy,
Then
(By,)(t) < (By,)(t), Vt & J,.
In particular, (By,)(t,) < (BY,)(t,). Moreover, for
any teJ,, wehave

Z (o (V2 () — 1o (Y2 (8)))

+ z € -t ) (1 ((By,)(t), a (i)

O<t, <t

_Ilk (( Byz)(tk)’ Y, (tk ))) (69)
= |01(y1(t1)) - |01(y2 (t1))
+(t _tl)(lll(( Byl)(tl)’ yl(tl))
_Ill((Byz)(tl): Y, (tl))) <0.
Then
(By)(t) <(By,)(t),Vte J,.
In particular, (By,)(t,) < (BY,)(t,). Inthesame
way, we have
(By)(t) < (By,)(t), vt e J,,
(Byl)(tk+1) < (Byz)(tk+1)(k = 11 2, T m)-
Hence,
(By,)(t) < (By,)(t), Vte J,
then By, <By,. In the same way, F is a bounded

continuous operator with increasing. Combing (61)
and (62), it is easy to show if
ye PC'[J,E]nC?[J',E],
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then Bye PC’[J,E]nC*[J',E],
and if
ye PC'[J,E]nC?[J,E],

then Fye PC’[J,E]nC*J’,E].
In the same way, we can show
B:PC'[J,E]nC*J’,E] - PC*[J,E]nC"[J’, E]
F:PC[J,E]nC?[J',E] » PC*[J,E]nC*[J’, E]
They are al bounded continuous operators with
increasing. Hence, by (59)-(64), IVP (1) is equivalent
to IVP(18).

Obvioudly, if uePC'[J,E]nC’J,E] is a
solution of IVP (18), then

x(t) e PC°[J,E]~ C[J, E]

isasolution of IVP (1) by(63).

Putting U, (t) = Y, (t), v, (t) = z5(t),t € I, we have
Uy <V,. By (G)),weobtain

Volt) =% + Xt + [ =) (s)ds
+ Z | ok (U (1)) (70)

O<ty <t

3 -t (Y (), U (t)), Yt € J,

Z,(1) =X, + X+ [ (- 9v,(s)ds
DI AN) (72)

O<t, <t

+ 3 -t (Z (), Vo (t)), Yt e J,

O<t, <t
Vo) =% + [ uy(S)ds
+ 3 1 (W) U t)), VE € 3, 72)

7() =% + [ vo(s)ds
+ 37 1 (Z () Vo (t ), Vi e J, (73)

O<ty <t
then

Yo (1) = (BUp)(t), 7(t) = (BV, ) (1),
Yo(t) = (FU,)(1), (1) = (Fy,) (1), vt € J,
where u,,V, saisfy (H,).
By (G,), it is easy to know that (H,) holds.
Hence, applying Theorem3.1, there exist the maximal
and minima solutions u,v e PCYJ,E]n
C’[J',E] of IVP(18) on [u,,V,].
Let Yy =Bu’,zZ =Bv.Then
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y,Z € PCY[J,E]nC*J,E]
and

Y () =%+ xt+[ t-9u ()ds
+ 2 oW (1) (74)

O<t, <t

3 -t (Y ) (6), U (), Yt e .

O<t, <t

By (74), we have
(Y)'(t)=u (t),Vte J,t #t,,

Ay* |t:tk = o (U* (t)), (75)
AY) hoy = 1Y) @) U G (K =12, m),

Yy (0)=x,(y) (0 =x,

If there exist U such that (18) and Yy such that
(75), then y s a solution of IVP (1).In the same

way, Z is a solution of IVP (1).It is easy to verify
y,Z € PC’[J,E]nC*[J',E] are the maximal
and minimal solutions of IVP of (1) on [Y,,Z],

respectively. This ends the proof.
Theorem 4.2. Suppose E is a real Banach space,

P is a regular cone, and (G,),(G,),(G;) hold.
Assume (4) or (5) is satisfied, then there exist the
maximal and minimal solutions y ',z e PC’[J,E]
NC*[J',E]of IVP(1) on [Y,,Z,], respectively.
Proof. The proof is similar to the proof of Theorem
4.1.1f Theorem 3.2 satisfies, then there exist U,V
e PCJ,E]nC?[J',E] the maximal and minimal
solutions of VP (1) respectively. This ends the proof.
Corollary 4.1. If E is a weak sequentially comp-
lete Banach space, P is a norma cone,
(G),(G,),(G;) hold, and (4) or (5) is satisfied, then
IVP (1) has the maximal and minima solutions
y,Z e PC[J,E]nC*[J",E] on [Y,,Z].
Proof. If E is a weak sequentiadly complete
Banach space, the normality of P is equivalent to
the regularity of P .Hence the conclusion of
Corollary4.1 holds by Theorem 4.2.This ends the

proof.
Theorem 4.3. Suppose E isarea Banach space.

P isregular cone, and(G)),(G,),(G;),(H,) hold.
Assume (4) or (5) issatisfied. If forany z,ue E,
ft,x vy, zuv,w > f(t,X,Y,zu,V,w)
VX=X, y=2Y,v=V,W> W, (76)
then IVP (1) has the maximal and minimal solutions
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y,Z e PC[J,E]nC*[J,E]on [Y,,2].
Proof. Similar to the proof of Theorem 4.1,we
consider IVP(1).Let X"(t) =u(t),t € J,then
X(t) = (Bu)(t), X'(t) = (Fu)(t),t € J.
Hence, IVP (1) is equivalent to IVP (18).Let
U (1) = Yo (1), % (1) = Z5(t),t € J. (77)
Then u, <V, .Combing (77) and (G]), for any
t e J,wehave

Yo(t) = Yo (0) + Y5(O)t + [ ¢~ S)u(s)dls
+ 20 AY(t)+ D E-t)AY(t)-

O<ty <t O<t, <t

Vo) = Yo(O)+ [ up(S)ds+ Y Ayy(t), vied,

7,(1) = 2,(0)+ Z (Ot + [t - 9vy(s)ds
+ Y AZ(t)+ Y E-t)AZ(L),

O<t, <t O<t, <t

7(1)=2(0)+ [ Vo(ds+ Y AZ(,).

Itiseasy to verify k
Yo(t) < (Bup)(t), Yo () < (Fu,)(t),
(BVo)(1) < 7 (1), (Fvo) (1) < 7 (1), ted,.
In particular,
Yo(t)) < (Bup)(t,), Yo(t,) < (Fup)(t,),
(Bvp)(t) < 7 (1), (Fv)(L,) < Z(t,)-
Moreover, we have for any K,(k=21,2,---,m)
Yo(t) < (Bup)(t), Yo(t) < (Fug)(t),
(BY,)(1) < 7, (1), (Fvp)(t) < 7 (1), t e I,
yO (tk+l) < (BUO)(tk+l)! yC') (tk+1) < (FUO)(tk+l)!
(BVo)(t.n) < Zo(t,n)s (FVo)(t.n) < Z () -

So we have

Yo < Bu,, Y, < Fu,, By, < 7, Fv, < 7.
Hence, by (G/) ,weknow (H,) holds. Similar to the
proof Theorem 4.1,we obtain the conclusion. This
ends the proof.
Theorem 4.4. Suppose E isarea Banach space.
P isregular cone, (G)),(G,), (G;) hold. Assume (4)
or (5) issatisfied. If for any z,u € E, (76) holds,
then IVP (1) has the maximal and minimal solutions

y,Z € PC[J,E]nC*J,E]

on [Yo: %]
Proof. Similar to Theorem 4.3, it is easy to know
(H,) holds. Then the rest of the proof is similar to
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the proof of Theorem 4.3.This ends of the proof.
Corollary 4.2. If E is a weak sequentialy co-
mplete Banach space, P is a normal cone, (G)),

(G,), (G;) hold. Assume (4) or (5) is satisfied. If for
any z,uekE, (76) holds, then IVP (1) has the

maximal and minimal solutions
y',Z € PCYJ,E]nC*[J, E]

on [¥o.%].

Proof. If E is a weak sequentialy complete
Banach space, the normality of P is equivaent to
the regularity of P. Hence, the conclusion of
Corollary4.2 holds by Theorem 4.4.This ends the
proof.

Remark 4.1. In Theorem 3.2 and Theorem 4.2,
Theorem 4.4, the condition (H;) is more easy to

use and verify.

5Application

Example 5.1. Consider the following initial value
problem for fourth-order impulsive integro-
differential equations:

@)= L (¢2 LTt
X (t)—3n(t +X2n(t))+4n(n+xn(t))

RELITLSS LI
18n 2n % 9'n %

1 b ts
+a(t+joe x (s)ds)

1

% 01+t+s

1t v
=3 25(n+1)2x“ 2"
1,1 1 ,1

TR e R (78

X, (8)dsVO<t <1t ;t%,

11

11, ”
|t1— Xn(§)+ﬁxn(2 15Xn(2)

1 1
——X"(3),(n=1,2,3,-

g (o) (=1, )
%,(0) =0,x,(0) = 0,x/(0) = 0,x7(0) = 0
Conclusion IVP (78) has the maxima and minimal

solutions belonging to C* on [O,%)u(%,l)]

such that
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t4

—,te [0—]

0<x,(t)< 211 2 (n=1,2,--)
t 1
—te( ],
12n
ite[O—]

0<x ) <{ " (n=12,-)
;—te( 1],
ite[O—]

0<X'(t) < t22 (n=12,--)
F,tE(E,l],
liqaﬁ,

0<X(t) < (n=12,--).
Ete( 1],

Proof. Let

E=Co={Xx=(X %%, )% = 0}

with thenorm || X |l=sup| X |,
n

P={x=(x,%,"-X,)€CX >20,n=123,--}
Then P isanorma conein E,and (78)isainitia
valueproblemin E ,where

a=1k(t,s)=€",h(t,s) = 1

1+t+s’
X=X =% =%=(00,),
X= (%%, X0 ) Y = (Yo Yoo s Yoo
z2=(2,2,, Zn ), U—(Ul,Uz,"' u,-
V:(Vl’VZ )W (
_(fl, f, fn’...)

.)’
.)’
..)’

n1

and

f.(t, xyzuvw)_—(t +x2n)+ ( +Y,)

t2 t
—(—- —(—-u
18n(2n Z)+ ( )
W2n’

1
+—({t+V,)+— 79
6n( ) n (79)

|

m:ltlz_ 01:(|011’ |012""’|01n"")’

=N

1= (|111! 1127075 |11n"")’ |21 :(|2111 |2121"'! |21n1'

31:(|3111|3121"" |31n1"')’

where
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1

I =7,
Oln(Z) 25(n+1)2 Zn
1 1
Illn(y’ Z):Eyn'l'lonz Zn’|21n(u):_un’

I (xyzu)—i +iy - —iu
Y e T 5 ™ T

Let J=[0,1],obviously,
f eC[JXxExExExExExE,E]-
Let y,(t)=(0,0,---0,---),t €[0,]],

t* t* t4
L |28 MR 2
cror teC
12'24" '12n’
We have
Y, (t) =(0,0,---,0,---),t [0, 1],
Y, (t) =(0,0,---,0,---),t [0, 1],
y"(t) =(0,0,---,0,---),t [0,1],
ys(t) =(0,0,---,0,--),t € [0,1],
t* t3 t3 1
Z(!)(t)z E’E’ '15"”)71:6[0’5];
(Eﬁi )te(ll]
3'6" '3n 2
t? t? t?
Zg(t): (E’Z’ '1% )t€[01 ]
(tzﬁ...ﬁ )te(ll]
27 'n’ 2
(t1_’ "’%"' ),tE[O,%],
7(t) =
(2t,t,-- E )te(l,l]
n 2
(11% '111' ),tE[O,%],
77(0) = ,
(21—, )hte(z1
n 2

Hence, we have Y, z, € PC’[J,E]nC*[J’,E],

Yo(®) < 2 (1), Yo (©) < 2 (1), Yo (D) < Z3(0),t € J
and
¥5(0) = 72,(0)=(0,0,+-,0,-) = X,
¥6(0)=2(0)=(0,0,-+-,0,-) = x;,
¥5(0) =2(0)=(0,0,-++,0,-) = X,
¥5(0) = 7(0)=(0,0,-+-,0,-+) = X;,
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fo (6, Yo (), Yo (1), Yo (1), Y5(1), (TYo) (1), (So) (1))
=—+—+ —+—+—n>O,Vt €[0,]]

fo(t 2 (1), Zé(t) "(t) Z"'(t) (Tz) (1), (Sz)(1))

1 2,
<—(t+—)+—(—+—
Sn( 48n) 4n (n 6n)
A
et [ ) 1S el
6n 024n 2n 048n n

when % <t<1,
fo(t, Zo(t) Zé(t) ”(t) "’(t) (Tz,)(1), (Sx)(1))
< i(t2 ) _(t__t_)

3n 24n 4n n 3n 18n 2n n

t2
+—(———)+—(t+| —ds +— —d
( ) ( ~[012n ) 2n+0 24n

Ayol }:(O’O""’O! )_|01( (;))
A1 1= (0,0:40) = 1 (%
1
2

AY31 1= (0,040 = Ly (W),

2

Ay(’)"l 4= (0 0, ,0,)
2

~ L) %) ) )

)y())

Az ng (3;4’ 7(138""’ 3814n )2 |01(zg(%)),
3% 1= e g ) > (5 B
02| 1= G g )= B
TR

1 1
2 14(%(2) ). %(5). % 3, "’(—))
so (G) issatisfied. On the other hand, for any
ted,

Yo(t) SX<X<7Z(1), Vo) <Y<y <z(b),
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Yo() SZ<z<7(1), yo(t) <T<u<z(),
Tyo(t) SV =v<TZ (1), Syp(t) W< w< S7(t)

we have

1 -
Z_(XZn _X2H)+E(

3n yn_yn)+18_n(zn_zn)

t? 1 1 _
+—@U,-u,)+—(V, -V )+— (W, —W.
9( n n) 6n( n n) Zn( 2n 2n)

t _, o
2 _E(Zn - Zn)_g(un _un)(n _11213!“')
11(2) 2 16,(2), 111(Y, 2) 2 1,,(V, 2),
|, (u)—1,,(T) :%(U_U)’

|31(X7 Y, Z, u) - |31(77 71 Z’U)
1 - 1 _
2 _E(Z_ Z)—g(U—U),

SO (G) is satisfied, where

t2

ML) = M0 = .G, = L2

1
Z’ Ll _E’ Ll _gv
It |seasyto verify (4) holds.

Obvioudly, forany v,z,V,Z € E, wehave

- 1 -
” |01(Z) - IOl(Z) ”S m ” -7 ||,

v 1 an. 1 -
My, 2 =1V, 2 I Sy =Y+ 12=Z
so (G;) issatisfied. By (79), then
f=f@Lf@ fO(Ff0 £0 .. O )
f@ =12, f2,... @ ..),
where

f Ot %, Y, Z,u,v, W)

1 1.t
:_(t2+X2n)+_(_+ yn)

t
ﬁ(z—_zn)Jr—(tJrV )+ oy e

2
fA(t,x,y,2zu,v,w) = t—(——un).
9'n

Forany r>0,assume {t”}* c

(X7 Ly {20, {u®)s ,{v(b)} :
{w”}2, =B
where
x®) — (ij) x2 x,(f’) ),
(b) —(y(b),yéb), ,y(b), =),
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b b b b
zO =z, 27, 2® ..,
u® = (ul(b)1u£b)’...1urgb)’...)’

b b b b
v = (v vy L),

= (W W W )

1 3 ’ n !

By (80), we have
f(l) (t®, x® y® Z(b) u®, v® w®)

< 3—(1+ X 1) *n ( +1y® )

1

—(—n+|I I|)+ (1+I|V(b)ll)+ IIW‘b)II

s§(1+r)+%(ﬁ+ r)+ E(2—+ )

+i(1+ r)+ir(b,n =12,3,-).
6n 2n
So
{ f @ (t(b) ’ X(b), y(b), Z(b) ’ u(b) ’V(b),vv(b))}
is bounded, moreover, we choose subsequence {h}

c{b} suchthat
FOE®) )@ Y0 F0) @) 0 i)y -
n ’ ’ ’ ’ 1 ’ n?

(82)

i >0o(n=1273:-). (83)
Combing (82) and (83), we have
1 1.1
1y |£§(1+r)+ﬂ(ﬁ+r) K(Z—Jr )
L+ Ern=123-), (84)
6n 2n
0 §=({,8, 8, ) e =E.For any &£>0,

by (82) and (84),there exists a positive integer n,
such that
| O™, x® y® 70 g y®) Wy g

|1$, ke, vn>n,, (1=123:--). (85)
By (83), there exists apositive integer i, such that

| £ O, x®), y® 78 (&) @ W) g
Vi>i,,(n=12,---,n). (86)

Then, combing (85) and (86),we have
| O™, x®, y®) z(“),u“‘),v“‘),vv(“))—g“ I

n

< 2¢,Vi >,
Hence,
” f(1)(t(h)’x(h),y(h),Z(h)’u(h),v(h),w(h))_é/”
-0, i->w.
Thus,
a(f®J,U,,U,,U,,U,,U.,U,)) =0,
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VU, B (1=1234,56). (87)
On the other hand, applying (81),
a(t2(3.U,U,U, U, UsUg) < aU,),
vU. c B (i=1234,56) (88)
By (87) and (88), we have

1

a(f(J,U,U,,U;,U,,UgUy) SEOC(U“),
VU, c B (i=12345,6). (89)
In the same way,
a(l5,(M,V,,V5,V,)) < 05(\/3)
vV, < B (] —l2,3,4), (90)

1
a(l4(V,)) < za(\/4),VV4 cB. (91)

Hence, (H,) holds, where
d-0d =S po-tao-1
' 9" 15 4
Finaly, it is easy to prove (76) holds. Then, we have
the conclusion by Theorem 4.3.This ends the proof.
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